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ABSTRACT

A two-fluid model developed by Aggarwal et al. [J. Plasma Phys. 89, 905890310 (2023)] to study the stability of centrifugal flute modes in a
weakly magnetized plasma column is extended to include the impact of the ionization source and the ion–neutral friction force within the
ion momentum equation. The model is radially global and applicable for arbitrary perturbation frequency. The dispersion relation takes the
form of a third-order differential equation that is solved numerically. The incorporation of an ionization source and friction leads to a finite
ion radial equilibrium flow, which brings in an additional drive for instabilities, the other driving factor being the difference between the elec-
tron and ion azimuthal flows. The instability mechanisms are discussed, followed by an exploration of the parametric dependencies regarding
the growth rate and frequency of the instability. The relative effect of inertia, ionization source, and neutral collisions on the stability of
a weakly magnetized plasma column is analyzed. Finally, the model is applied to compute the linear stability of experimentally observed
plasmas in the linear plasma column MISTRAL.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0300987

I. INTRODUCTION

Low temperature E � B plasmas are used in a variety of applica-
tions ranging from Hall thrusters for satellite propulsion,1–3 ion sources
and magnetron discharges for plasma processing,4,5 and plasma mass
separation techniques.6–8 Numerous intricate physical phenomena wit-
nessed in these devices lack a comprehensive understanding. One of
the important issues is the presence of instabilities, which can lead to
turbulent transport and affect the performance of the device. In linear
magnetized plasma devices, instabilities arise from a variety of factors,
including pressure and temperature gradients, plasma–particle interac-
tions, and the influence of electric and magnetic fields. For example,
in a strongly ionized plasma column, where ion–neutral collisions are
negligible, a Rayleigh–Taylor-type instability arises due to centrifugal
acceleration produced by the E � B drift.9–12 In a weakly ionized
plasma, ion–neutral friction can drive the neutral drag instability,
which was investigated by Simon13 and arises due to charge separation

resulting from ion–neutral collisions. This mechanism adds to the
destabilization due to centrifugal acceleration, and its relative effect
varies with the ion–neutral collision frequency. Ion–neutral collision is
a crucial parameter to be considered in the description of weakly ion-
ized and partially magnetized plasmas.

One of the challenges in modeling weakly ionized and partially
magnetized plasmas is that the standard approximations used for
strongly magnetized plasmas are not valid. For strong magnetization
conditions, at least as far as the dynamics perpendicular to the mag-
netic field is concerned, existing models are derived by means of per-
turbative expansions in powers of the ratio between the gyroradius (qi)
of ion species and any other characteristic length (l) such that
d ¼ qi=l � 1.9,10,14–17 This expansion, which helps in obtaining sim-
ple models, is definitely not applicable to weakly magnetized plasma
systems, for which the electrons are strongly magnetized, whereas
ions are weakly magnetized. In addition, the low-frequency expansion,
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where the characteristic frequencies are considered small compared to
the gyrofrequency of the species under consideration, is routinely per-
formed in strongly magnetized plasmas but is inapplicable to weakly
magnetized systems. The case of non-magnetized ions and magnetized
electrons is comparatively simpler and has been reviewed recently.18

There is a notable scarcity of models that simultaneously con-
sider the impact of weak magnetization on charged species and
incorporate interactions between neutrals and charged particles.
The few existing models often rely on the low-frequency and local
approximation.19,20 One of the primary reasons for the lack of mod-
els considering weak magnetization and neutral collisions is the
added complexity that these effects introduce. Additionally, the
majority of theoretical approaches rely on local description, i.e., by
considering the perturbations to be localized at a single radial loca-
tion, within the confines of a slab geometry. When comparing these
theoretical results with cylindrical experiments, one often establishes
a correspondence between Cartesian coordinates and cylindrical
coordinates: x ! r and y ! h. The results of the non-local analysis
can differ significantly from those obtained through local analysis or
analysis in simplified geometries like slab geometry. Neglecting
non-local effects can lead to an incomplete or even incorrect under-
standing of the plasma system, potentially leading to inaccurate pre-
dictions or models.21–23

To overcome these limitations, Aggarwal et al.23 have developed
a model valid at arbitrary frequency and revisited the characteristic fea-
tures of centrifugal instability and its control in weakly magnetized
plasma systems. However, the linear model presented by Aggarwal
et al.23 did not include ion–neutral collisions, which can be of signifi-
cant importance in weakly ionized plasma systems. The present work
extends the model presented in Ref. 23 by taking into account the ion–
neutral collisions and the ionization source, together with the resulting
ion radial flow. The model assumptions are supported by measure-
ments on the magnetized plasma column MISTRAL, a canonical
configuration for studying instabilities in cross-field plasmas, where
the E � B plasma rotation due to the mean radial electric field Er is
prone to trigger flute modes.24–29 The formation of coherent rotating
structures (sometimes called spokes) in MISTRAL is supposed to be
seeded by instabilities. Drift waves, Rayleigh–Taylor/Centrifugal insta-
bility, Kelvin–Helmholtz instability, and neutral drag instability have
been identified as potential contributors to the formation of these
rotating structures. However, a definitive understanding of which
instabilities are accountable for their emergence and the specific trig-
gers involved remains elusive. The goal of this study is to improve our
understanding of the instabilities that arise in linear plasma columns
such as MISTRAL.

The paper is structured as follows: in Sec. II, a brief introduction
to the MISTRAL plasma column is given along with the range of
experimentally accessible parameters. In Sec. III, the equations and
assumptions on which the model is based are provided. In Sec. IV, the
linearized equations describing the equilibrium and the first-order per-
turbations are presented. The dispersion relation is then derived in
Sec. V. Section VI presents the linear stability analysis, which includes
a description of the instability mechanism and an analysis of the para-
metric dependency of the instability’s growth rate and frequency. The
model is then applied to predict the linear stability of MISTRAL plas-
mas in Sec. VIC. Finally, the summary and conclusions of this work
are presented in Sec. VII.

II. MISTRAL EXPERIMENT

MISTRAL is a magnetized linear plasma device (Fig. 1) in which
a plasma is produced through the injection of primary electrons
emitted from hot tungsten filaments in a linear cylindrical chamber of
rb ¼ 10 cm radius, connected to the ground and referred to as the
study chamber. The plasma state can be controlled through two bias-
ing grids situated at the entrance and the end of the study chamber.
In Fig. 1, these grids are labeled as the separating grid and the collect-
ing grid, respectively. A magnetic field of 10–36mT is imposed
through the magnetic coils surrounding the linear column in which
the plasma is produced. MISTRAL offers a broad range of achievable
plasma parameters, including electron density (ne) in the range of
1014–1016m�3, electron temperature (Te) spanning from 2 to 6 eV,
and ion temperature (Ti) of�0.2 eV. For a complete description of the
experiment, the reader is referred to Refs. 25, 29, and 30. Plasma
parameters obtained in the MISTRAL experiment serve as a reference
point for the theoretical analysis performed in this study.

Typical radial profiles of the electron density (ne) and plasma
potential (/0) measured using a Langmuir probe in the MISTRAL
experiment are shown in Fig. 2. These profiles were obtained in a con-
figuration where both the separating and collecting grids are connected
and polarized at �30V, for an Ar plasma, with an Ar gas pressure,
P¼ 2.6�10�4 mbar, and an axial magnetic field, B¼ 160 G.30 In this
configuration and for the magnetic field and pressure scans investi-
gated in this work, MISTRAL plasmas exhibit a spoke (m ¼ 1 over-
dense region) rotating azimuthally with a frequency comparable to the
ion cyclotron frequency. The profiles shown in Fig. 2 are time-
averaged over several periods of the rotating spoke.

The time-averaged electron density and plasma potential profiles
are well described by a Gaussian and parabolic profiles, respectively,

n0ðrÞ ¼ n00 exp � r2

r20

 !
; /0 ¼ p1r

2 þ p2; (1)

where r represents the radial coordinate and n00, r0, p1, and p2 are
parameterization constants. The parameter r0 sets the width of the

FIG. 1. Schematic of the MISTRAL experiment. Reproduced with permission from
S. Aggarwal, “Linear stability of a weakly magnetized rotating plasma column,”
Ph.D. thesis (Aix-Marseille University, 2023).30

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 33, 012113 (2026); doi: 10.1063/5.0300987 33, 012113-2

VC Author(s) 2026

 02 M
arch 2026 10:12:28

pubs.aip.org/aip/php


Gaussian used to describe the density profile. It is representative of the
minor radius of the plasma.

Section III presents the model development for investigating the
instabilities in the MISTRAL plasma. Motivated by the experimental
observations, the background density profile will be assumed to have a
Gaussian shape, and the background electric potential to have a para-
bolic shape.

III. MODEL EQUATIONS

The model describes a cylindrical plasma column bounded
radially and immersed in a uniform magnetic field such that B ¼ Bêz ,
see Fig. 3. The continuity equation for species j, where j ¼ i; e denotes
either ions or electrons, is

@nj
@t

þr � ðnjvjÞ ¼ Sion: (2)

Here, Sion is the ionization source term, nj is the density of the species,
vj is the velocity of the species, and mj is the mass of the species. The
ion and electron momentum equations are given by

nimi
@vi
@t

þ vi � rvi

� �
¼ nie �r/þ vi � Bð Þ � Tirni

�mini�invi �miSionvi; (3)

0 ¼ �eneð�r/þ ve � BÞ � rðneTeÞ: (4)

In Eqs. (3) and (4), Ti;e is the species temperature, / being the
electric potential, and �in being the ion–neutral collision frequency. In
the case of MISTRAL, where the ions and secondary electrons are cre-
ated by ionization from primary electrons produced by the tungsten fil-
aments through collision processes, the ionization source can be
written as Sion ¼ nep�ion with nep as the primary electron density and
�ion as the ionization frequency. The term miSionvi in the ion momen-
tum equation represents a sink term due to the ionization of neutrals.
The neutrals are assumed to be at rest and have a uniform density since
the ionization fraction in MISTRAL plasmas is typically less than 1%.
In the ion momentum equation, the off-diagonal terms of the pressure
tensor are responsible for finite Larmor radius (FLR) effects and should
be retained for a complete description of a magnetized plasma. For
strongly magnetized plasmas, approximate closures for the gyroviscos-
ity tensor can be found in the references by Braginskii31 and Ramos.32

These works provide foundational formulations of gyroviscous effects
in collisional and collisionless regimes, which have been widely used to
model plasma transport phenomena. However, no closed form of the
gyroviscosity tensor has, to the best of our knowledge, been derived for
arbitrary frequencies and Larmor radii, which is the focus of this paper.
We therefore neglect this term and will consider later an ad hoc cutoff
in the radial and azimuthal scales to partly account for finite Larmor
radius effects. In the electron momentum equation, inertial effects have
been neglected since me=mi � 1. Coulomb collisions and collisions of
electrons with neutrals are neglected as the order of magnitude of these
collision frequencies is found to be negligible in comparison to the
respective cyclotron frequencies in MISTRAL.23,30,33 This set of equa-
tions is similar to that derived in Ref. 23, except that ion–neutral fric-
tion �in and ionization Sion are retained.

To solve Eqs. (2)–(4), additional assumptions are made: The
plasma is considered to be electrostatic (@B@t ¼ 0) and quasi-neutral
(ni ¼ ne, D/ ¼ 0). The ion temperature, Ti, is assumed to be radially
uniform, consistent with laser-induced fluorescence measurements in
MISTRAL,34 and variations in the axial direction are neglected
(kjj ¼ 0). The assumption kjj ¼ 0 is motivated by measurements in
MISTRAL, showing that in the presence of a rotating spoke, the
plasma fluctuations are axially constant, i.e., kjj � 2p=L, where L is
the length of the plasma column.35,36

FIG. 2. Time-averaged (a) electron density (n0) and (b) plasma potential (/0), as a
function of the radial position r for an Ar plasma with both the separating and col-
lecting grids connected and polarized at �30 V. The green points are the experi-
mental measurements, and the orange lines are the fits performed using Eq. (1).
The dashed line indicates the position of the limiter.

FIG. 3. Cylindrical coordinate system and direction of rotation for ion cyclotron
frequency xci, positive E � B frequency (xE0 > 0), and positive diamagnetic
frequency (x�0 > 0). Reproduced with permission from Aggarwal et al.,
“Centrifugal instability in a weakly magnetized rotating plasma column,” J. Plasma
Phys. 89, 905890310 (2023). Copyright 2023 Cambridge University Press.23
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In cylindrical coordinates, the gradient operator is given by

r ¼ êr
@

@r
þ êh

1
r
@

@h
þ êz

@

@z
; (5)

where êr , êh, and êz are the unit vectors in r, h, and z directions,
respectively, see Fig. 3.

IV. LINEARIZED PLASMA EQUATIONS

To obtain the dispersion relation, Eqs. (2)–(4) are linearized. The
dependent variables, i.e., plasma density, flow, and electric potential,
are written as the sum of a time-independent equilibrium part denoted
by subscript 0 and a perturbed part denoted by superscript � such
that

n ¼ n0 þ ~n and ~n ¼ n1ðrÞ exp iðmh� xtÞ½ �;
v ¼ v0 þ ~v and ~v ¼ v1ðrÞ exp iðmh� xtÞ½ �;
/ ¼ /0 þ ~/ and ~/ ¼ /1ðrÞ exp iðmh� xtÞ½ �:

(6)

Here, n0 represents the equilibrium density of ions or electrons, /0 is
the equilibrium electric potential, and v0 represents the equilibrium
flow. The profiles of n0 and /0 are assumed to be Gaussian and para-
bolic, respectively, see Eq. (1), consistent with the experimental obser-
vations. These equilibrium density and potential profiles imply a
background rigid body rotation, as will be described in Sec. IVA.

Regarding the perturbed part, n1ðrÞ and /1ðrÞ represent the
amplitudes of the density and potential perturbations, respectively.
The perturbed velocity is given by v1ðrÞ ¼ vr1 êr þ vh1 êh, where vr1
and vh1 are the radial and azimuthal components of the perturbed
velocity, respectively. The azimuthal mode number is denoted as m,
and the perturbation frequency, which is a complex number, is
expressed as x ¼ xr þ ic with xr representing the real part of the
perturbation frequency, also called the mode frequency, and c being
the growth rate of the associated mode number m. The positive fre-
quency corresponds to propagation in the h direction, see Fig. 3.

Using the decomposition presented in Eq. (6), the equilibrium flow
for ions and electrons is first derived in Sec. IVA followed by the linear
response of electrons and ions in Secs. IVB and IVC, respectively.

A. Equilibrium description

The description of the equilibrium flow for ions and electrons,
including ion–neutral friction, can be found in Ref. 23. This section
will focus on recalling the primary outcomes. The equilibrium flow of
ions is written in terms of its radial and azimuthal components

vi0ðrÞ ¼ vir0 êr þ vih0 êh: (7)

Rigid body rotation is assumed such that vih0 ¼ rx0 with x0
0

¼ x00
0 ¼ 0, where 0 represents @=@r and 00 represents @2=@r2. Solving

the zeroth-order part of the ion momentum equation and then projec-
ting it along êr , the equilibrium radial ion flow is given by

�vir0¼
��� eff�r �x0

1þ2�x0
¼��re; (8)

where �� eff ¼ �� in þ �l is the effective frequency due to both ion–neutral
collisions and ionization with �l ¼ Sion=ðn0xciÞ ¼ �nep�� ion. Quantities
with an overbar are normalized quantities. The normalizations used in
the model are listed in Table I. When �� eff ¼ 0, there is no radial equilib-
rium flow. For a finite ion–neutral friction and ionization source, the

radial flow increases linearly with the minor radius. An ion radial flow
parameter, independent of the minor radius, is introduced as

e ¼ ��vir0
�r

¼ �� eff �x0

1þ 2�x0
: (9)

Using Eq. (8) in Eq. (3) and projecting along êh, the azimuthal
ion flow frequency �x0 ¼ �vih0=�r is

�x0 ¼ 6
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ 4��2

eff

q� �s
� 1
2
; (10)

where b ¼ 1þ 4ð�x�0 þ �xE0Þ � ��2
eff . For a complete solution and

description of Eq. (10), one can refer to Refs. 37 and 23. For the ion
equilibrium flow, the only difference compared to Ref. 23 is that we
have retained the ionization source. In practice, this means that �� in is
replaced by �� eff ¼ �� in þ �l.

Here,xE0 is the E� B drift frequency

xE0 ¼ B�r/0

rB2
� êh ¼ /0

0

rB
; (11)

and x�0 is the ion diamagnetic drift frequency

x�0 ¼ Ti

en0B
B�rn0

rB
� êh ¼ � Ti

erB
1
Ln

; (12)

with 1=Ln ¼ �n00=n0 the logarithmic density gradient. For a parabolic
density profile and a Gaussian electric potential profile, as given by
Eq. (1), xE0 and x�0 are independent of r, since 1=Ln ¼ 2r=r20 , and
therefore consistent with the assumption of rigid body rotation. Once
normalized, following the conventions summarized in Table I, the dia-
magnetic drift frequency is given by:

�x�0 ¼ � 1
�r�Ln

: (13)

Writing the equilibrium flow velocity for electrons as

ve0 ¼ ver0 êr þ veh0 êh: (14)

Equation (4) is solved directly to get

�ver0 ¼ 0; �veh0 ¼ �r �x0e and �x0e ¼ �xE0 þ �x�e; (15)

TABLE I. Normalized parameters and their definitions. Here, Te0ref is the reference
value of the electron temperature, and the following definitions are used:
qi ¼ vthi=xci , xci ¼ eB=mi , and vthi ¼

ffiffiffiffiffiffiffiffiffiffiffi
Ti=mi

p
. Reproduced with permission

from Aggarwal et al., “Centrifugal instability in a weakly magnetized rotating plasma
column,” J. Plasma Phys. 89, 905890310 (2023). Copyright 2023 Cambridge
University Press.23

Variable Notation Definition

Normalized frequencies ��; �x �=xci;x=xci

Normalized lengths �r ; 1=�Ln r=qi; qi=Ln
Normalized perturbed density �n1; �nep n1=n0; nep=n0
Normalized perturbed potential �/1 e/1=Te0ref

Normalized velocities �vi;e vi;e=vthi
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where �x0e is the electron equilibrium flow frequency and �x�e is the
electron diamagnetic drift frequency x�e normalized to the ion cyclo-
tron frequency with

x�e ¼ � 1
en0B

B�rðn0Te0Þ
rB

� êh: (16)

The range of characteristic frequencies observed in MISTRAL as a
function of pressure and magnetic field is shown in Fig. 4. The fre-
quencies are normalized to the ion cyclotron frequency xci, which
confirms that the ordering x=xci � 1 is not valid for weakly ionized
and weakly magnetized E � B plasmas. The parameters e and �l,
which characterize the magnitude of the equilibrium radial flow and
the ionization source, respectively, are also displayed as they will be
important for the linear analysis as shown in Sec. VI. The experi-
ments and measurements performed to obtain these parameters are
described in Sec. II.

After the description of the equilibrium flow, the next step is to
obtain the linearized divergence of the ion and electron particle flux,
which is done in Sec. IVB.

B. Linear electron response

Rearranging Eq. (4), the electron flow can be written in the fol-
lowing form:

ve ¼ b�r/
B

þ 1
ene

b�rðneTeÞ
B

; (17)

which is simply the sum of E � B flow and diamagnetic flow.
Multiplying Eq. (17) by ne, taking the divergence on both sides, and
then linearizing, one gets

r � ðneveÞj1 ¼ �im
/1

rB
n00 þ imxE0n1: (18)

Using the above equation and replacing @=@t with �ix in the linear-
ized form of the electron continuity equation, Eq. (2), a relationship
is established between the normalized perturbed density and
potential10,16,23

�n1 ¼ a�s�/1; (19)

where

a� ¼ m
�r�Ln

1
�x �m�xE0

; (20)

and where s ¼ Te0ref =Tio with Te0ref being the value of the electron
temperature at r ¼ 0.

C. Linear ion response

The linearized ion-momentum equation, Eq. (3), writes

� ixvi1 þ ðvi0 � rÞvi1 þ ðvi1 � rÞvi0
¼ e

mi
½�r/þ vi1 � B�

� Ti

mi
r n1
no

� �invi1 � Sion
n0

vi1 � n1
n0

vio

� �
: (21)

Using the expression for vi0, given by Eq. (7), under the rigid body
rotation assumption, the inertial terms in the above equation are

vi0 � rð Þvi1 ¼ ½vir0v0i1 þ imx0vi1 � x0 vi1 � bð Þ�; (22)

and

vi1 � rð Þvi0 ¼ ½v0ir0vi1 � x0 vi1 � bð Þ�: (23)

Including these terms in the linearized ion-momentum equation,
Eq. (21), normalizing the frequencies with ion-cyclotron frequency,
lengths with ion-Larmor radius and substituting the value of vir0 ,
Eq. (21) becomes

�i�xc�v i1 ¼ Cð�v i1 � bÞ � rU1 þ e �r�v 0i1 þ �v i1
� �þ �l�n1vi0: (24)

Here, e is the ion radial flow parameter defined in Eq. (9), C ¼ 1
þ 2�x0 is the factor by which the Lorentz force is modified due to the
inertial force, and �xc ¼ �xph þ i�� eff with �xph ¼ �x �m�x0 being the
Doppler-shifted frequency. The quantity U1 ¼ �n1 þ s�/1 has been
introduced to make the equations more compact. Once U1 is obtained
by solving the final dispersion relation, Eq. (19) can be used to retrieve
�n1 and �/1. For �� eff ¼ 0 and �l ¼ 0, one recovers the collisionless case
as given by Eq. (4.8) in Ref. 23. The term proportional to e in Eq. (24)

FIG. 4. Normalized E� B drift frequency (�xE0), normalized ion diamagnetic drift
frequency (�x�0), normalized equilibrium flow frequency (�x0), normalized spoke fre-
quency ð��modeÞ, normalized ion–neutral collision frequency (�� in), and parameters �l
and e as a function of (a) Pressure at B¼ 160 G and for various values of (b) B at
P¼ 1.04�10�4 mbar.
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arises from the radial component of the equilibrium flow in the
perturbed ion momentum equation, Eq. (3). The term with �l is due
to the impact of the ionization source on the background flow.

The expression given by Eq. (19) and the relation U1
0 ¼ �n1

þ s�/1 is then used to write �n1 in terms ofU1

�n1 ¼ a�
1þ a�

U1 ¼ kU1; (25)

with

k ¼ a�
1þ a�

¼ m
�r�Ln

1
�xph þmd�x0

; (26)

and

d�x0 ¼ �x0 � �xE0 � �x�0: (27)

Expressing �n1 in terms of U1 in Eq. (24), a coupled differential equa-
tion relating �v i1 withU1 is obtained

L1 þ L2ð Þ�v i1 ¼ L3½rU1 þ k�l e�r êr � �x0�r êhð ÞU1�; (28)

where L1, L2, and L3 are linear operators

L1 ¼ C2 � �x2
c

� �þ ie�xc 1þ �r
@

@�r

� �
;

L2 ¼ eCb� 1þ �r
@

@�r

� �
;

L3 ¼ i�xc þ Cb�;

(29)

with b ¼ B=B as the unit vector in the axial direction.
Operating on Eq. (28) first with L1 and then with L2, subse-

quently subtracting the latter equation from the first, noticing that the
operators L1 and L2 commute (½L1; L2� ¼ 0), we obtain"

C2 � �x2
c

� �2 þ 2ie�xc C2 � �x2
c

� �
1þ �r

@

@�r

� �

þ e2 C2 � �x2
c

� �
1þ �r

@

@�r

� �2
#
�v i1

¼ C2 � �x2
c

� �
i�xc þ Cb�ð Þ þ e C2 � �x2

c

� �
1þ �r

@

@�r

� �� �
� ½rU1 þ k�l e�r êr � �x0�r êhð ÞU1�: (30)

The equation above is a second-order differential equation relating �v i1
toU1. For MISTRAL plasmas, the parameter e ¼ �� eff �x0=C, character-
izing the radial equilibrium ion flow, is observed to be small, i.e.,
e < 0:3, see Fig. 4. This is because when the neutral pressure is
increased, the electric potential profile flattens, resulting in a lower
E � B frequency xE0, and therefore much smaller x0, compensating
for the increase in �� eff . The experimental observation of e � 1 moti-
vates performing an expansion to the first order in e to solve Eq. (30)
and obtain �v i1 in terms ofU1

�v i1 ¼ �v ð0Þi1 þ e�v ð1Þi1 ; (31)

where �v ð0Þi1 is the ion fluid velocity when e ¼ 0. Using this expansion
in Eq. (30), the zeroth-order component �v ð0Þi1 is

�v ð0Þi1 ¼ C
C2 � �x2

c
b�rU1 þ i�xc

C
rU1 � k�l

i�xc

C
êh � êr

� �
�r �x0U1

� �
:

This expression is similar to that obtained for the collisionless case
given by Eq. (4.14) in Ref. 23 with additional terms proportional to �l
due to the presence of an ionization source and with �xph replaced by

�xc ¼ �xph þ i�� eff . The first-order component �v ð1Þi1 is

�v ð1Þi1 ¼ C2 þ �x2
c

ðC2 � �x2
c Þ2

U0
1êr þ�rrU0

1

� �� 2iC�xc

C2 þ �x2
c

b� U0
1êr þ�rrU0

1

� �� �

� k�l
C2 þ �x2

c

C2 � �x2
c

� �2 êh þ 2iC�xc

C2 þ �x2
c
êr

� �
2U1 þ�rU0

1

� �
�r �x0

"

��rU1
C2 � �x2

c

C2 þ �x2
c

 !
i�xcêr þCêhð Þ

#
: (32)

The next step is to compute the linearized divergence of the ion
particle flux

r � ðni�v iÞj1 ¼ n0r � �v i1 þ �v i1 � rn0 þ n1r � �v0 þ �v0 � rn1: (33)

Expanding Eq. (33) in terms of �v ð0Þi1 and �v ð1Þi1 , we get

r � ðni�v iÞj1 ¼ n0r � �v ð0Þi1 þ �v ð0Þi1 � rn0

þ e n0r � �v ð1Þi1 þ �v ð1Þi1 � rn0

	 

þ n1r � �v i0 þ �v i0 � rn1: (34)

Compared to the collisionless case, the presence of ion–
neutral friction and ionization source terms introduces a finite radial
equilibrium flow �v ir0 , leading to terms proportional to e. The six terms
entering Eq. (34) are detailed in Appendix A.

V. DISPERSION RELATION

Once the divergence of the linearized ion and electron flux is
computed, the dispersion relation is obtained by combining quasi-
neutrality (ne ¼ ni) with the continuity equation

r � ðneveÞj1 ¼ r � ðniviÞj1: (35)

After a few additional steps detailed in Appendix A, the dispersion
relation is given by

eU000
1 þ CNC

�r
þ e

3
�r
� 1

�Ln

� �
� i�x0ak�le�r

� �
U00

1

þ CNC

�r
1
�r
� 1

�Ln

� �
þ e �m2

�r2
þ 1
�r

1
�r
� 1

�Ln

� �
þ a

m
�r�Ln

� bk

 !"

þ kbC�x0

ðC2 � �x2
c Þ
� k�le im�x0 þ i�x0a�r

5
�r
� 1

�Ln

� �
� CNC

� ��
U0

1

þ CNC

�r
�m2

�r2
þ N
�r�Ln

� �
� ekb

2
�r
� 1

�Ln

� �"

þ k�lC�x0b
ðC2 � �x2

c Þ
m�xc

�rC
þ 2
�r
� 1

�Ln

� �

� k�le
2im�x0

�r
þ 2i�x0a

2
�r
� 1

�Ln

� �
� imCb
�rðC2 � �x2

c Þ

 

�CNC
2
�r
� 1

�Ln

� ���
U1 ¼ 0; (36)
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where

k ¼ a�
1þ a�

; a ¼ 2C�xc

C2 þ �x2
c
; CNC ¼ i�xc

C2 � �x2
c

C2 þ �x2
c

 !
;

N
�r�Ln

¼ �kðC2 � �x2
c Þ

�xph

�xc
þ m
�r�Ln

C
�xc

; b ¼ ðC2 � �x2
c Þ2

C2 þ �x2
c

:

(37)

All coefficients are independent of �r . The factor 1=�r�Ln is also indepen-
dent of �r since the density profile is assumed to be Gaussian:
1=�r�Ln ¼ 2=�r20.

The inputs entering Eq. (36) are the logarithmic density gradient
�Ln, the ion radial flow parameter e, the ion azimuthal flow parameter
�x0, the inertial force parameter C, the azimuthal flow drive parameter
d�x0, the effective collisionality �� eff , and the ionization source term �l.
All the inputs can be computed self-consistently using the results of
Sec. IVA or using the parameters given in Tables II and III, which
gives the equilibrium flow as a function of the E� B flow, diamagnetic
flow, collisionality and ionization source, or set independently to inves-
tigate specific physical mechanisms.

Once the boundary conditions are specified at �r ¼ 0 and �r ¼ rb,
the solution of Eq. (36) yields the eigenfunction U1 with the corre-
sponding eigenfrequency �xc ¼ �x �m�x0 þ i�� eff .

A. Solving procedure

Equation (36) is a third-order differential equation with a regular
singularity at �r ¼ 0. It is solved using the Cauchy–Euler formalism, as

detailed in Appendix C. Two distinct branches are obtained, corre-
sponding to two roots of the indicial equation, namely, m and
v ¼ �CNC=e, leading to the following form of the eigenfunction:

U1 ¼ B1�r
m/B þ C1�r

v/v; (38)

where /B ¼P1
n¼0 am;n�rn and /v ¼

P1
n¼0 av;n�r

n, B1 and C1 are inte-

gration constants, and aa;n is the nth term given by the recurrence rela-
tion in Eq. (C6), with a ¼ m or v. The coefficients aa;n are functions of
the mode frequency �x ¼ �xr þ i�c. The integration constants are deter-
mined by imposing the boundary condition U1 ¼ 0 at �r ¼ 0 and
�r ¼ �rb. The enforcement of zero fluctuations at �r ¼ �rb is motivated by
the presence of a grounded conducting wall at the boundary, but alter-
native boundary conditions that account for sheath physics, for exam-
ple, are possible and could be explored with the present formalism. At
�r ¼ 0,U0

1 is imposed to be finite form ¼ 1, and U0
1 ¼ 0 is imposed for

m > 1, for continuity on the column axis. The radial derivative ofU1 is

U0
1 ¼

X1
n¼0

ðmþ nÞB1am;nr
mþn�1 þ ðvþ nÞC1av;nr

vþn�1: (39)

Case 1:RðvÞ < 1

FIG. 5. Solutions of Eq. (36) satisfying the boundary condition U1ð�r bÞ ¼ 0. The
pure m branch is indicated with blue dots, the pure v branch with red triangles, and
the linear combination region with the purple area. The input parameters used in
Eq. (36) are m ¼ 1, �r b ¼ 5:54, r0 ¼ 10=3, e ¼ 0:2, d�x0 ¼ 0, �� eff ¼ 0, �l ¼ 0,
�x0 ¼ 0:48 (obtained from �xE0 ¼ 0:9 and �x�0 ¼ �0:18), and C ¼ 1. This ccor-
respondsto the case investigated in Sec. VI B.

TABLE III. Characteristic frequencies of MISTRAL plasma for Ar at P¼ 1:04� 10�4

mbar. Here, xci is in kHz, qi and r0 are in cm. All other frequencies are normalizedto the ion-cyclotron frequency.

B (G) xci qi r0 p1 p2 �xE �x�0 �� in �l �x0

160 6.1 1.8 5.89 371.94 �4.15 1.2 �0.19 0.61 0.54 0.51
180 6.86 1.6 5.99 412.95 �4.74 1.09 �0.14 0.54 0.48 0.5
200 7.6 1.4 5.95 394.61 �5.25 0.82 �0.12 0.49 0.43 0.4
220 8.39 1.3 5.99 437.30 �5.83 0.75 �0.1 0.44 0.39 0.38
240 9.15 1.2 5.97 430.87 �6.45 0.62 �0.08 0.41 0.36 0.33
260 9.91 1.11 6.14 512.16 �6.98 0.63 �0.06 0.38 0.33 0.35
280 10.67 1.03 6.46 554.88 �7.52 0.59 �0.05 0.35 0.31 0.34
300 11.44 0.96 6.62 589.12 �8.11 0.55 �0.04 0.32 0.29 0.33

TABLE II. Characteristic frequencies of MISTRAL plasma for Ar at B¼ 160 G. All
frequencies are normalized to the ion-cyclotron frequency.

P (mbar) r0 (cm) p1 p2 �xE0 �x�0 �� in �l �x0

7:15� 10�5 5.36 725.26 �7.88 2.37 �0.22 0.42 0.37 1.001
1:5� 10�4 5.41 569.14 �6.4 1.86 �0.22 0.89 0.78 0.65
2:6� 10�4 6.1 319.05 �4.37 1.04 �0.18 1.54 1.34 0.12
3:5� 10�4 6.07 202.7 �3.39 0.66 �0.18 2.07 1.81 0.03
4:6� 10�4 6.05 127.16 �2.78 0.41 �0.18 2.73 2.38 0.01
5:5� 10�4 6.08 95.54 �2.43 0.3 �0.18 3.26 2.84 0.003
6:7� 10�4 6.22 85.79 �2.24 0.28 �0.17 3.97 3.46 0.002
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To avoid a diverging U0
1 at �r ¼ 0, the integration constant C1 is

set to zero. The eigenfunction U1 is then given by

U1 ¼ B1�r
m/B: (40)

Case 2:RðvÞ > 1
The condition U0

1 ¼ 0 at �r ¼ 0 is always satisfied. Since any mul-
tiple of a solution is also a solution, B1 can be set arbitrarily. For
B1 6¼ 0, the other integration constant C1 is chosen to satisfy the
boundary condition U1ð�rbÞ ¼ 0

B1�r
m
b /Bð�rbÞ þ C1�r

v
b/vð�rbÞ ¼ 0; (41)

leading to the following eigenfunction:

U1 ¼ B1�r
m/B � B1

/Bð�rbÞ
/vð�rbÞ

�rm�v
b �rv/v: (42)

Case 3:RðvÞ ¼ 1 andm > 1
In this case, it is necessary to set C1 ¼ 0 to satisfy U0

1 ¼ 0 at
�r ¼ 0. The solution is the same as in case 1.

Case 4:RðvÞ ¼ 1 andm ¼ 1
In this case, a finite value of U0

1 ¼ is always obtained at �r ¼ 0.
The solution is the same as in case 2.

Note that in cases 2 and 4, a solution satisfying U1ð�rbÞ ¼ 0 can
always be found by adjusting the integration constant C1 (provided
B1 6¼ 0). In cases 1 and 3, the boundary condition at �r ¼ �rb is satisfied
only for specific values of ð�c; �xrÞ. Figure 5 shows the location of the
solutions for a typical case in the ð�c; �xrÞ plane. The pure m branch
(cases 1, 3 and cases 2, 4 when C1 ¼ 0) is indicated with blue dots, the
pure v branch (cases 2 and 4 when B1 ¼ 0) with red triangles, and
the region where the linear combination always provides a solution
(cases 2 and 4 when B1 6¼ 0) is indicated by the purple area.
The boundary of the region where the linear combination solution
exists is given by RðvÞ ¼ 1 and therefore depends on the values of C,
e, and �� eff . The boundary shape is shown as a function of these param-
eters in Fig. 6. Increasing the inertial parameter C expands the linear
combination region toward larger growth rates and frequencies, keep-
ing its boundary at low growth rates roughly constant. In contrast,
increasing the radial equilibrium flow e shrinks the linear combination
region, keeping its boundary at a constant high growth rate. When the
effective collisionality �� eff increases, the linear combination region
shifts toward negative growth rate values.

B. Radial mode structure

The eigenfunctions corresponding to the points labeled A–J in
Fig. 5 are shown in Fig. 7. The eigenfunctions tend to develop finer
radial structures at higher growth rates, in particular close to the bound-
ary of the linear combination region. In a magnetized plasma, finite
Larmor radius effects will tend to dampen perturbations at scales larger
than the Larmor radius.9 As discussed in Sec. III, capturing this effect in
a fluid model requires keeping the gyroviscosity tensor in the momen-
tum equation.10,38 In our model, the gyroviscosity is neglected due to
the lack of a closed form at an arbitrary perturbation frequency, and, as

FIG. 6. Boundary of the linear combination region, RðvÞ ¼ 1, for various values of
the parameters C, e, and �� eff .

FIG. 7. Real (blue) and imaginary (orange) parts of the eigenfunction U1, as a function of the radial coordinate r normalized to the radial boundary rb for the points labeled in
Fig. 5. The kr spectral index defined in Eq. (44) is indicated for each case.
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a consequence, eigenfunctions with arbitrary fine-scale structures can
be obtained. The level of fine-scale structures in the radial eigenfunc-
tions is quantified by performing the Fourier transform ofU1

U1ðrÞ ¼
X
krqi

Uk exp
ikrqi�r ; (43)

and introducing the spectral index

S k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
krqi>1

jUkj2X
krqi

jUkj2

vuuut : (44)

The spectral indexS k quantifies the fraction of spectral components at
scales smaller than the ion Larmor radius. Choosing a slightly different

scale for the cutoff, e.g., krqi > 0:8 or krqi > 1:2 does not significantly
modify the results. The value of the spectral index within the linear
combination region is represented in Fig. 8 (top plot) together with the
number of zeros ofRðU1Þ in the interval 0 < r < rb (bottom plot).

Consistent with Fig. 5, high values of the spectral index (small-
scale radial structures) are located on the rightmost part of the linear
combination region and correspond to solutions radially oscillating,
case F, or strongly localized at the plasma periphery, case G. The num-
ber of zeros, n, allows one to distinguish between these two cases.
Finite Larmor radius effects can be crudely introduced in the model by
setting a threshold for Sk, for instance, 10%, above which the solution
is discarded. Similarly, a cutoff can be introduced in the azimuthal
direction and imposed khqi < 1, where the azimuthal wave vector
kh ¼ m=r can be assessed at a representative radius r ¼ r0. For typical
MISTRAL plasmas, qi ¼ 1–2 cm and r0 ¼ 6 cm, leading to
mmax ¼ 3–6.

VI. LINEAR STABILITY
A. d�x0 driven instability (�v ir050, �l50)

A simplified dispersion relation is examined first in the limits
e ¼ 0 and �l ¼ 0 (no radial flow, no ionization). From Eq. (36),
one gets

U00
1 þ

1
�r
� 1

�Ln

� �
U00

1 �
m2

�r2
U1 þ 1

�r�Ln
NU1 ¼ 0; (45)

where

N
m

¼ C
�xc

� C2 � �x2
c

�xph þmd�x0

�xph

�xc
: (46)

The approach to solve this differential equation and obtain the values of
N is the same as given in Refs. 10, 16, and 23 for the collisionless case (for
which �xc ¼ �xph). Once N is known, substituting �xc ¼ �xph þ i�� eff in
Eq. (46) and rearranging it, a cubic equation in �xph is obtained

�x3
ph �

N
m

� 2i�� eff

� �
�x2
ph

þ C � C2 � N
m
ðmd�x0 þ i�� eff Þ � ��2

eff

� �
�xph

þ mC � iN�� effð Þd�x0 ¼ 0: (47)

FIG. 8. Top plot: value of the spectral index S k characterizing the weight of small
scales in the radial structure of the eigenfunctions. Bottom plot: number of zeros for
the real part of the eigenfunction U1. For clarity, only values less than 8 are shown
(the number of zeros rises sharply on the rightmost part of the linear combination
region).

FIG. 9. Normalized growth rate c=xci as a function of dx0=xci for azimuthal
mode numbers m ¼ 1; 2; 3, and 5 obtained using the dispersion relation given by
Eq. (48).
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Let us first discuss the origin of the different terms in Eq. (47). The
inertial term ðvi � rÞvi and the Lorentz force present in the linearized
ion momentum equation lead to the magnetization factor C
¼ 1þ 2�x0, where the contribution 2�x0 is due to the inertial effects.
When inertial effects are neglected, C ¼ 1 in Eq. (47). In addition, the
inertial term introduces a Doppler shift in the perturbation frequency
�xph ¼ �x �m�x0. The effects resulting from ion–neutral collisions
and ionization frequency enter through the term �� eff . Setting C ¼ 1,
�xph ¼ �x (no inertial effects), and �� eff ¼ 0 (no collisions), the disper-
sion relation given by Eq. (47) reduces to

�x3 � N
m

�x2 � Nd�x0 �x þmd�x0 ¼ 0: (48)

The only destabilization factor present in Eq. (48) is d�x0 ¼ �x0

� �xE0 � �x�0. It represents the competition between the advection

by the background ion flow ðx0Þ, the advection by the background
electron flow ðxE0Þ, and the advection by the perturbed E � B
flow in the background density gradient x�0, see Eqs. (18)
and 19), in generating the density perturbation. Unstable modes
(positive growth rate) are only obtained for d�x0 < 0, i.e., �x0

< �xE0 þ �x�0, as shown in Fig. 9 for different azimuthal mode
numbers m and the radial mode number n ¼ 0. It is verified that
for d�x0 	 0, no instability is obtained (�c ¼ 0), irrespective of the
values of �� eff and C in Eq. (47).

The instability stems from the divergent particle flux driven by
the electron flow and the ion azimuthal flow when d�x0 < 0, i.e., when
�x0 < �xE0 þ �x�0. This condition can be met for both positive and
negative radial electric fields, depending on the magnitude and direc-
tion of the density gradient. In practice, the equilibrium azimuthal
flow leads to a finite value of d�x0 when inertia, collisions, or both are
considered, see Eq. (10).

FIG. 10. Growth rate (top) and mode frequency (bottom) of the m branch, as a func-
tion of the ion equilibrium radial flow e for m ¼ 1, low spectral index S k < 0:1,
and the number of zeros of the eigenfunction n as indicated in the legend. The
inputs used in Eq. (36) are �r b ¼ 5:54, r0 ¼ 10=3, d�x0 ¼ 0, �� ¼ 0, �l ¼ 0,
�x0 ¼ 0:48, and C ¼ 1.

FIG. 11. Growth rate (top) and mode frequency (bottom) of the linear combination
solution, as a function of the ion equilibrium radial flow e for m ¼ 1 and low spectral
indexS k < 0:1. The number of zeros of the eigenfunction n is indicated in the leg-
end. The inputs used in Eq. (36) are �r b ¼ 5:54, r0 ¼ 10=3, d�x0 ¼ 0, �� ¼ 0,
�l ¼ 0, �x0 ¼ 0:48, and C ¼ 1.
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B. Radial flow driven instability (d�x050, �v ir0 6¼ 0)

1. Impact of a finite radial flow (e)

Another driving factor for the instability is the presence of an ion
equilibrium radial flow �vir0 ¼ ��re. A radial equilibrium flow naturally
arises in the presence of a central ionization source or when ion–
neutral friction is included, see Eq. (8). To focus on the mechanism of
the instability driven by the ion radial flow, we set d�x0 ¼ 0 in
Eq. (36). In addition, we assume �� in ¼ 0, �l ¼ 0, and C ¼ 1. The
impact of the radial equilibrium flow is investigated by independently
varying the parameter e. Note that with d�x0 ¼ 0 and C ¼ 1, the ion
azimuthal flow �x0 only modifies the Doppler-shifted frequency �xph.
The stability of them branch is investigated in Fig. 10, focusing on sol-
utions with a low spectral index, S k < 0:1, and n 
 2, where n is the
number of zeros of the real part of the solution U1 for 0 < r < rb. For
each value of e, when several solutions are obtained with the same
number of zeros n, only the one with the highest growth rate is shown.
For all modes, the growth rate increases with the radial equilibrium
flow e, with the largest n modes having the largest growth rate. The
Doppler-shifted mode frequency is large, with values comparable to
the ion cyclotron frequency for n ¼ 0, and decreases when e increases,
with a stronger decrease for high nmodes.

In contrast to the results obtained for the m branch, low nmodes
are not found to be unstable for the v branch, with all unstable modes
having n 	 3. The spectral index S k is also larger and only gets
smaller than 0.1 for e > 0:15. Increasing e leads to an increase in the
growth rate of the most unstable mode and its number of zeros n. For
all modes of the v branch, the mode frequency remains close to zero,
with a magnitude less than 15% of the ion cyclotron frequency.
Finally, the linear combination solution is investigated, again focusing
on the cases with S k < 0:1 and n 
 2. The results are shown in
Fig. 11. For each number of zeros n, only the most unstable mode is
shown. No n ¼ 0 modes are found to be unstable. Modes with
n ¼ 1–2 are destabilized by the ion radial flow, and their growth rate
increases with e. Interestingly, at low e, the growth rate of the modes of
the linear combination solution is larger than that of the m branch
solution. The mode frequency is about half of the ion cyclotron fre-
quency at low e and decreases when e increases. In contrast to the m
branch, at a given e, the values of the growth rate and the mode fre-
quency do not vary much with n.

In conclusion, an instability is driven by a finite equilibrium
radial ion flow. Different branches can be excited. The v branch tends
to be unstable at high n and spectral index values, while the m branch
and the linear combination are found to be unstable at low values of n
and S k. For all cases, the maximum growth rate increases with the
radial flow parameter e, and the instability disappears when e ! 0.

2. Azimuthal mode number spectrum

The azimuthal mode number m dependence of the ion radial
flow instability is now investigated for e ¼ 0:2. As in Sec. VI B 1, we
set d�x0 ¼ 0, �� in ¼ 0, �l ¼ 0, and C ¼ 1. The v branch exhibits high
zero numbers, n 	 3, and a high spectral index, S k, with a tendency
to excite radial structures with smaller scales and higher n when m is
increased. The variation in mode frequency remains quite limited. In
Fig. 12, the azimuthal mode number spectra obtained for the m
branch and the linear combination are shown together, focusing on
the cases with S k < 0:1 and n 
 2. The growth rate of the linear

combination solution decreases rapidly at high m, without an unsta-
ble linear combination solution for m 	 4. The m branch exhibits a
very moderate increase in the mode growth rate with the azimuthal
mode number m and a more marked increase with the number of
zeros n. Similarly, the mode frequency slowly decreases with m and
decreases more markedly with n. Interestingly, the linear combina-
tion solution is the most unstable at low m, resulting in a maximum
growth rate at m ¼ 1.

3. Impact of collisionality and ionization

The impact of collisionality and ionization is now examined for
the case explored in the Sec. VI B 2. The ion–neutral collisionality �� in

and the ionization parameter �l are varied, keeping the other inputs
constant (no self-consistent variation of the ion background flow and

FIG. 12. Growth rate (top) and mode frequency (bottom) of the m branch (circles)
and of the linear combination solution (triangles), as a function of the azimuthal
mode number m for e ¼ 0:2, keeping only solutions with S k < 0:1. The number
of zeros of the eigenfunction is indicated in the legend. The inputs used in Eq. (36)
are �r b ¼ 5:54, r0 ¼ 10=3, d�x0 ¼ 0, �� ¼ 0, �l ¼ 0, �x0 ¼ 0:48, and C ¼ 1.
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other parameters). As in Secs. VI B 1 and VI B 2, only solutions with
S k < 0:1 and n 
 2 are displayed since they are the most relevant in
a weakly magnetized plasma.

The variation in mode growth rate and frequency is shown in
Fig. 13 as a function of the ion–neutral collisionality �� in for the m
branch and the linear combination solution. The linear combination
only exists at low collisionality since the existence domain is shifted

toward stable modes (�c < 0) when �� in increases, as shown in Fig. 6.
When the linear combination solution exists, the v branch is also
found to be unstable, but only with very high radial mode numbers or
a low growth rate. At zero collisionality, the linear combination solu-
tion is the most unstable, which was already observed in Fig. 12 for
m ¼ 1. When collisionality increases, both them branch and the linear
combination solution are strongly stabilized, and the real frequency of

FIG. 13. Growth rate (top) and mode frequency (bottom) of the m branch (circles)
and of the linear combination solution (triangles), as a function of the ion–neutral
collisionality for m ¼ 1 and e ¼ 0:2, keeping only solutions with S k < 0:1. The
number of zeros of the eigenfunction is indicated in the legend. The inputs used in
Eq. (36) are �r b ¼ 5:54, r0 ¼ 10=3, d�x0 ¼ 0, �l ¼ 0, �x0 ¼ 0:48, and C ¼ 1.

FIG. 14. Growth rate (top) and mode frequency (bottom) of the m branch (circles)
and of the linear combination solution (triangles), as a function of the ionization
parameter for m ¼ 1 and e ¼ 0:2, keeping only solutions with S k < 0:1. The
number of zeros of the eigenfunction is indicated in the legend. The inputs used in
Eq. (36) are �r b ¼ 5:54, r0 ¼ 10=3, d�x0 ¼ 0, �� in ¼ 0, �x0 ¼ 0:48, and C ¼ 1.

FIG. 15. Variation of (a) �x0, (b) d�x0,
and (c) e, as a function of normalized
ion–neutral collision frequency � in=xci
for two different values of �l ¼ 0 (solid
lines) and �l ¼ 0:8 (dashed lines) with
�xE0 ¼ 0:9 and �x�0 ¼ �0:18.
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the m branch decreases. Then, as collisionality increases further, the m
branch develops an instability with a low growth rate, which increases
slowly with �� in, and a Doppler shifted frequency close to zero.

The impact of the ionization parameter �l is examined in Fig. 14.
Collisionality and ionization have the same impact on the frequency
�xc for which the dispersion relation is solved, since �xc ¼ �x �m�x0

þ i�� eff with �� eff ¼ �� in þ �l. Increasing ionization, therefore, leads to a
shift of the existence domain of the linear combination branch toward
stable modes in the same way as increasing collisionality does.
However, there is an additional effect of increasing the ionization
parameter induced by the terms proportional to �l in the dispersion
relation Eq. (36). Nevertheless, Fig. 14 shows that qualitatively the
increase in �l has the same effect as the increase in �� in. It first leads to a
strong stabilization of the linear combination solution and of the m
branch. The m branch then develops a solution with low frequency

and a growth rate, increasing with �l. At intermediate �l values, no
solution with low radial spectral content (S k < 0:1 and n 
 3) is
obtained. This is in contrast with the effect of collisionality, for which
this intermediate region without low radial spectral content instability
does not develop.

In addition to their direct impact on the dispersion relation, colli-
sionality and ionization modify the ion background flow, see Eq. (10),
which will also affect linear stability. As an illustration, the variation of
e, �x0, and d�x0 is shown in Fig. 15 for a scan in �� in at two different val-
ues of �l. Increasing collisionality (or ionization), damps the ion azi-
muthal flow �x0 toward zero. As a consequence, the drive for the
centrifugal instability first becomes stronger (d�x0 becomes more nega-
tive) and then saturates. Regarding the drive for the ion radial flow
instability, e first increases almost linearly with increasing collisionality,
and then saturates and decreases slowly as �x0 approaches zero.

FIG. 16. Growth rate (top) and mode frequency (bottom) of the m branch (circles)
and of the linear combination solution (triangles) for the m ¼ 1 mode with S k <
0:1 (full lines) and 0:1 < S k < 0:2 (dashed lines), as a function of the neutral
pressure for the input parameters listed in Table II (MISTRAL plasma at
B ¼ 160 G). The number of zeros of the eigenfunction n is indicated in the legend.
The computed ion azimuthal flow �x0 is shown with the blue line.

FIG. 17. Growth rate (top) and mode frequency (bottom) of the m branch (circles)
and of the linear combination solution (triangles) for the m ¼ 1 mode with a low
spectral index, S k < 0:1, as a function of the magnetic field for the input parame-
ters listed in Table III (MISTRAL plasma at P ¼ 1:04� 10�4 mbar). The number of
zeros of the eigenfunction n is indicated in the legend. The computed ion azimuthal
flow �x0 is shown with the blue line.
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C. Linear stability of MISTRAL plasmas

We now investigate the linear stability of MISTRAL plasmas
for the scans in neutral pressure and magnetic field described in
Appendix A and Fig. 4. The inputs used to solve Eq. (36) are listed in
Tables II and III.

The results obtained for the pressure scan (see Fig. 16) follow the
general trend obtained for the collisionality and ionization scans that
were performed in Sec. VI B 3, without considering the self-consistent
evolution of the electric field and background ion azimuthal flow. That
is, the linear combination solution provides the most unstable modes
with low zero numbers n and low radial spectral contentS k < 0:1, at
low pressure. Then comes the solution of the m branch. Their
Doppler-shifted frequency is negative (linear combination) or close
to zero (m branch), leading to a real frequency less than (linear combi-
nation) or close to (m branch) x0. When pressure is increased, the m
branch and linear combination modes are strongly stabilized. The lin-
ear combination region quickly vanishes, and the remaining unstable
modes are obtained from the m branch at higher spectral content
0:1 < S k < 0:2. These modes have a low growth rate and a positive
Doppler-shifted frequency that gets smaller as the pressure further
increases. The v branch only provides modes with high spectral con-
tent or very low growth rates, as previously observed.

We then focus on the linear stability of MISTRAL plasmas in a
magnetic field scan performed at low pressure (P ¼ 1:04� 10�4

mbar). The mode growth rate and the real frequency are shown in
Fig. 17 for modes with a low number of zeros n and low radial spectral
content. At all values of the magnetic field, the linear combination solu-
tion leads to the largest growth rate for low spectral index modes, then
comes the m branch and finally the v branch (not shown). In contrast
to the pressure scan, the linear combination region exists across the
whole magnetic field scan, with higher growth rates obtained at a higher
magnetic field. For the linear combination solution and the v branch,
n ¼ 0 and n ¼ 1 modes are only obtained at low magnetic fields. The
Doppler-shifted frequency is close to zero for the m branch and nega-
tive for the linear combination solution.

Figures 16 and 17 show that instabilities driven by the ion radial
flow are predicted to be the most unstable in low-pressure MISTRAL
plasmas, and that accounting for this drive in a linear stability study is
necessary.

VII. SUMMARY

A two-fluid theory to study the instabilities in weakly magnetized
plasmas with an E � B configuration prone to the formation of rotat-
ing spokes is presented in this paper. The model is radially global and
is not limited to frequencies much smaller than the ion cyclotron fre-
quency. It extends the previous work23 to include the impact of ion–
neutral collisionality, the ionization source, and, most importantly, the
background radial ion flow. Ion finite Larmor radius (FLR) effects are
considered by introducing an ad hoc cutoff at small scales. The derived
third-order differential equation, Eq. (36), is solved numerically as an
eigenvalue problem to determine the growth rate, the real part of the
perturbation frequency, and the associated radial eigenmodes for a
given azimuthal mode numberm. The well-known centrifugal instabil-
ity, driven by the differential azimuthal rotation of ions and electrons,
is recovered by the model. The main finding of the paper is that the
background radial ion flow also drives an instability whose growth rate
increases with the flow amplitude. This instability has two main

branches labeled them branch and the v branch, plus their linear com-
bination. The most relevant solutions in a weakly magnetized plasma
are them branch and the linear combination, since the v branch exhib-
its small-scale radial structures that would be damped by the ion FLR
effects. Interestingly, the linear combination has an azimuthal mode
spectrum that peaks at m ¼ 1. The m branch has a more standard
behavior, with a growth rate that slowly increases with m. Both the
ion–neutral collisions and the ionization frequency strongly stabilize
the linear combination solution and the m branch. At high collisional-
ity or ionization frequency, only the m branch survives, with a small
growth rate and a Doppler-shifted frequency close to zero. Application
of the linear stability model to MISTRAL plasmas reveals that the
background ion radial flow plays a key role in determining the most
unstable mode, in particular at low pressure. How these
linear instabilities saturate in the non-linear regime will be the object
of future work, to allow for direct comparisons with MISTRAL
plasmas.
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APPENDIX A: INTERMEDIATE STEPS IN THE
DISPERSION RELATION DERIVATION

The various contributions in Eq. (34) are
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where r2U1 ¼ U00
1 þ U0

1=r � ðm2=r2ÞU1.
Substituting the required values in Eq. (34) and then imple-

menting the condition of quasi-neutrality given by Eq. (35), we get
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Using the electron continuity equation, Eq. (19), and the relation,
U1 ¼ �n1 þ s�/1, we can write

U1 ¼ ð1þ a�Þs�/1: (A3)

Furthermore, n01=n0 can be expressed as a function of U1 using
Eq. (19) and employing the relation U1 ¼ �n1 þ s�/1

n01 ¼ � m�x�0
�xph þmd�x0

n00U1 þ n0U
0
1

� �
; (A4)

which, when divided by n0 becomes

n01
n0

¼ m�x�0
�xph þmd�x0

U1

�Ln
� U0

1

� �
: (A5)

Eliminating �n1, s�/1, and n01=n0 from Eq. (A2), a third-order linear
homogeneous differential equation in U1 is obtained, which is given
by Eq. (36).

APPENDIX B: EXPERIMENTAL CHARACTERIZATION OF
MISTRAL PLASMAS

1. Variation of MISTRAL characteristic frequencies in a
pressure scan and a magnetic field scan

Experimental measurements of characteristic MISTRAL
plasma parameters are presented here across a neutral pressure
scan and a magnetic field scan. The density and potential profiles
are measured with a radially movable Langmuir probe and are
time-averaged. The parameterization of the radial profiles of
number density and plasma potential is performed using Eq. (1).
Then, the parameterization constants p1; p2, and r0 are used to
estimate E � B flow frequency (�xE0) and diamagnetic flow fre-
quency (�x�0) using Eqs. (11) and (12), respectively. To evaluate
the ion–neutral collision frequency (�in), neutral density (nn) for
a given pressure is evaluated using the relation P ¼ nnkBTn,
where P is the neutral base pressure in Pascal, kB is the
Boltzmann constant, and Tn is the temperature of neutrals in
Kelvin, assumed to be the room temperature (Tn ¼ 300 K). Once
the neutral density is known, the momentum transfer cross sec-
tion for ion–neutral collisions (rin) given by Eq. (2) in Ref. 39 is
employed, and using the relation �in ¼ nnhrinviiv , �in is calcu-
lated, h:iv is the velocity average of the bracketed quantity over a
Maxwellian distribution with the temperature Ti ¼ 0:2 eV. The
calculation of �l is described in Sec. II of Appendix B. Finally �x0

is calculated using Eq. (7).
The evolution of these parameters in a pressure scan at a con-

stant magnetic field B ¼ 160 G is given in Table II and illustrated in
Fig. 4(a). The corresponding values of xci and qi are 6.1 kHz and
1.8 cm, respectively.

Similarly, Table III and Fig. 4(b) display the characteristic
frequencies at different magnetic field intensities, keeping P con-
stant at 1:04� 10�4 mbar. Due to the variation in B, xci and qi
also vary. As the ion temperature Ti is assumed to be constant,
�in depends only on pressure (since the number density of neu-
trals changes with the change in pressure) and is constant,
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�in ¼ 3:76 kHz. However, the normalized value will change due
to the change in xci.

2. Calculation of ionization frequency and the
parameter �l

To calculate �l ¼ �� ion�nep, the fraction of primary electrons
from the filaments �nep ¼ nep=n0 is assumed to be 3% based on pre-
vious experimental observations. It is important to note that the
ratio nep=n0 is plasma-dependent, and the value of 3% is only an
estimate. To calculate the ionization frequency, the following
approach has been used. In MISTRAL plasmas, primary electrons
enter the plasma column from the source with a density np1 and col-
lide with neutral gas atoms. Some of these collisions are energetic
enough to ionize the atoms, at a rate given by the ionization fre-
quency �ion1.

After the first collision, the incoming primary electrons lost
energy (15.7 eV for ionization of Ar atoms). These less energetic
electrons have a density denoted by np2. Given that the energy of
the primary electrons entering the source, Eb, is typically 40 eV, they
can still ionize Ar atoms, at a rate represented by �ion2. After this
second ionization event, the primary electrons no longer have a
high enough energy to ionize Ar atoms; they will eventually ther-
malize after collisions. The total primary electron density can then
be written as nep ¼ np1 þ np2 and nep=n0 ¼ 3%, leading to

np1 þ np2
n0

¼ 0:03: (B1)

In addition,

@np2
@t

¼ �ion1; ðEbÞnp1 � �ion2ðEb � 15:7 eVÞnp2 ¼ 0: (B2)

This equation simply states that, in a stationary state, the rate of
production of “low energy” primary electrons, of density np2, is
equal to the rate of loss of these electrons by an additional ioniza-
tion event. Here, Eb is the energy of the primary electrons in
eV, Eb � 15:7 eV represents the energy of the electrons after the
first ionization. �ion1 and �ion2 are calculated using the formula
�ion ¼ nnrionve, where rion, is the electron ionization cross section
given in Sec. 3.1 (Page no. 629) of Ref. 40 and ve is the average elec-
tron velocity at the required temperature Te (Te � 40 eV to calculate
�ion1 and Te � 24.2 eV to calculate �ion2). Once �ion1 and �ion2 are
known, np1=n0 and np2=n0 can be calculated by solving Eqs. (B1)
and (B2). Finally, the calculated values are used in the expression
�l ¼ �� ionnep=n0 ¼ ð�� ion1np1 þ �� ion2np2Þ=n0 to calculate �l.

APPENDIX C: SOLUTION OF EQ. (36)

We first rewrite Eq. (36) by grouping terms with respect to the
power of �r
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where

A ¼ 3eþ CNC;
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The third-order differential equation in U1 is then solved using the
Cauchy–Euler formalism41 by assuming a polynomial form for U1

U1 ¼
X1
n¼0

an�r
nþa; (C2)

where an is the nth term of the sum and a is not specified at this
stage. The first three derivatives are
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Inserting these expressions into Eq. (C1) leads to
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Equation (C3) is a sum of polynomials equal to zero. In this equa-
tion, the coefficients of each power of �r are therefore equal to zero.
The indical or auxiliary equation is obtained from the coefficients
of the lowest power of �r , i.e., from the coefficients of �ra�3

½eaða� 1Þða� 2Þ þA aða� 1Þ þ C aþ E �a0 ¼ 0:

Choosing a0 6¼ 0, this characteristic equation has three roots:
a ¼ m;�m and� CNC=e.

The next lowest power of �r , i.e., �ra�2 imposes to choose a1 ¼ 0
(since m, �m, and �CNC=e are not root of this equation). On a sim-
ilar basis, it can be verified that a3 ¼ a5 ¼ a7 ¼ � � � ¼ 0.
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Now, equating the coefficient of �ra�1 to zero in Eq. (C3), we obtain

a2 ¼ �ðBaða� 1Þ þDaþFÞa0
eaðaþ 1Þðaþ 2Þ þA ðaþ 1Þðaþ 2Þ þ C ðaþ 2Þ þ E

; (C4)

and similarly, equating the coefficient of �raþ1 to zero

a4 ¼ �ðG þH aÞa0 � ðBðaþ 2Þða� 1Þ þDðaþ 2Þ þFÞa2
eðaþ 4Þðaþ 3Þðaþ 2Þ þA ðaþ 4Þðaþ 3Þ þ C ðaþ 4Þ þ E

:

(C5)

By recurrence, we obtain for n 	 4

an ¼ �ðG þH ðaþ n� 4Þan�4 � ðBðaþ n� 2Þðaþ n� 3Þ þDðaþ n� 2Þ þFÞan�2

eðaþ nÞðaþ n� 1Þðaþ n� 2Þ þA ðaþ nÞðaþ n� 1Þ þ C ðaþ nÞ þ E
: (C6)

The final solution is the linear combination of the three inde-
pendent solutions obtained from the three distinct roots, a ¼ m;
�m and� CNC=e

U1 ¼ A1�r�m
X1
n¼0

a�m;n�r
n þ B1�r

m
X1
n¼0

am;n�r
n þ C1�r

v
X1
n¼0

av;n�r
n; (C7)

where A1, B1, and C1 are integration constants, v ¼ �CNC=e and
aa;n is the nth term of the sum with the specified a given by the
recurrence relation in Eq. (C6).

For all m values where m is a positive integer, the branch
a ¼ �m diverges at �r ¼ 0. To satisfy the boundary condition
U1ð�r ¼ 0Þ ¼ 0, we therefore choose A1 ¼ 0, leading to

U1 ¼ B1�rm/B þ C1�rv/v; (C8)

where /B ¼P1
n¼0 am;n�rn and /v ¼

P1
n¼0 av;n�r

n.
The numerical implementation of this solution in Python is

open source and available at https://gitlab.com/soplasma/soplalin.
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